Abstract: Periodic binary sequences with the \trinomial property" are considered. A conjecture of Golomb and Gong concerning these sequences is disproved.
Introduction
The m-sequences A = fa i g of degree n and period p = 2 n ?1 are characterized by the \shift-and-add property": for each , 0 < p, there is a corresponding 0 , with fa i g + fa i+ g = fa i+ 0 g: (1) Thus, the p cyclic shifts of fa i g together with the zero vector of length p form an n-dimensional subspace of F p 2 , the vector space of all p-component vectors over the two-element eld F 2 . The book of Golomb 1] gives the classical theory of these sequences.
We say that a binary sequence A = fa i g of period p = 2 n ?1 has the trinomial property if there is (at least) one pair of positive integers, and 0 , such that (1) holds, where 0 ; 0 2 n ? 1.
2 Preliminaries
It is known that the sequence fa i g can be written in the following form: a i = f( i ); i = 0; 1; ; (2) where is a primitive element of GF(2 n ) and f(x) is a function from GF(2 n ) to GF(2):
Tr mt 1 ( t x t ); t 2 GF(2 mt )
where m t , which is a factor of n, is the degree of the minimal polynomial of t , and H is a subset of I, the set of coset leaders of the cyclotomic cosets modulo p. Here From now on, if ( ; 0 ) is a trinomial pair of the sequence fa i g, we will always assume that is a coset leader modulo p. 
A Conjecture
For all n > 3, there exist regular trinomial pairs. A complete search for 3 n 17 was carried out by Golomb and Gong; there are tables for 3 n 12 in 2].
Recall that I is the set of coset leaders modulo 2 n ? 1. For t and 2 I, we de ne two maps on GF(2 n ) as follows, \Add 1 map" : A( ) = 1 + ; \ Power map" : P t ( ) = t :
Notice that P t AP ( ) = (1 + ) t ; (6) AP t P ( ) = 1 + t ;
and P t P = P t :
From Theorem 1, ( ; 0 ) is a trinomial pair of the component sequence B t , de ned by (4), if and only if P t AP ( ) = AP t ( ):
For a xed t 2 I, de ne t = f( ; 0 )jP t AP ( ) = AP t ( )g:
The following conjecture was given in 2].
3 Conjecture 1 For t 2 I and t 6 = 1, if n is a prime, then t = ;. In other words, if n is a prime, then any non-linear binary sequence of period 2 n ? 1 has no non-regular trinomial pairs.
The authors of 2] veri ed this conjecture for 3 n 17, i.e., for n = 3; 5; 7; 11; 13, and 17, every nonlinear binary sequence of period p = 2 n ? 1 has no non-regular trinomial pairs. However, the conjecture is false for n = 19. The table below lists the all non-regular trinomial pairs for n = 19. (Note. For two trinomial pairs ( ; 0 ) and ( 0 ; ), we list only one of them, and the rst component is a coset leader modulo 2 19 ? 1 for each pair. ) For 2 n ?1 prime (so n must be prime), it is possible to prove that there are non-regular trinomial pairs for a given value of t without computing the pairs. (Indeed, the conjecture for n = 19 was originally disproved in this way.) By Theorem 1, any root 6 = 0; 1 of F t (x) which is in GF(2 n ) gives a trinomial pair (regular or non-regular). If = is the root and 1+ = 0 , then the trinomial pair is ( ; 0 ). For every n, any root of an irreducible polynomial of degree n is in GF(2 n ) and so is of form , 6 = 0. If 2 n ? 1 is prime (as is the case for n = 19), by Theorem 2 the trinomial pairs associated with the roots cannot be regular: by Theorem 2, there would be 2 n ? 1 trinomial pairs and this is impossible for t 6 = 1.
Thus to disprove the Conjecture for n = 19, it su ces to nd a value of t > 1 such that F t (x) is divisible by an irreducible polynomial of degree 19. Using a computer algebra program which factors polynomials over GF(2), we easily nd such values of t, the smallest of which is t = 233. 
